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The GRAAL experiment could constrain the variations of the speed of light. The anisotropy of 
the speed of light may imply that the spacetime is anisotropic. Finsler geometry is a reasonable 
candidate to deal with the spacetime anisotropy. In this paper, the Lorentz invariance violation 
(LIV) of the photon sector is investigated in the locally Minkowski spacetime. The locally Minkowski 
spacetime is a class of flat Finsler spacetime and refers a metric with the anisotropic departure from 
the Minkowski one. The LIV matrices used to fit the experimental data are represented in terms 
of these metric deviations. The GRAAL experiment constrains the spacetime anisotropy to be less 
than 10 14 . In addition, we find that the simplest Finslerian photon sector could be viewed as a 
geometric representation of the photon sector in the minimal standard model extension (SME). 

<D ' 
(N 

In the standard model, the speed of light c is an isotropic constant in the vacuum. This principle displays one 
cornerstone for Einstein's special relativity (SR). Various observations have been proposed to test its validity, see, for 
example, the Ref. [l[ (and references therein). The pioneer and most famous one is the so-called Michelson-Morley 
experiment However, the Michelson-Morley experiment and its decedents involve the two-way propagation of 
. light. Thus, they refer to the average speed of light Q. Recently, a one-way experiment was performed by the 
' GRAAL facility in the European Synchrotron Radiation Facility (ESRF) 0-Q]- I* involves the Compton scattering 
of the high-energy electrons on thephotons. This is the first kinematical non-threshold approach to test the Lorentz 
' symmetry in the collision physics [7] . The one-way experiment is sensitive to the first-order variation of the speed of 

> : light i. 

In the GRAAL's setup, the high -energy electrons collide head-on with the monochromatic laser photons. The 
observable quantity is the minimum energy of scattered electrons. The minimum energy is called the Compton-edge 
(CE) energy. It is related with the CE position of the scattered electrons on the detector. Thus, the GRAAL 
experiment is also called the Compton-edge experiment. The CE energy of the scattered electrons would not change 
when the speed of light is isotropic as postulated in the SR. Otherwise, it would vary with the spatial directions due 
to the Earth's spin (precisely, the sidereal rotation). Therefore, the azimuthal variation of the CE energy could reveal 
the anisotropy of the speed of light. 

The anisotropy of the speed of light implies the breaking of the Lorentz invariance. The Lorentz invariance violation 
(LIV) may stem from the quantum-gravity (QG) effects at very high-energy scale. String theory is the most promising 
fundamental theory to study the QG. It could induce the observable low-energy new physics, such as the spontaneous 
Lorentz invariance violation (sLIV) Q. There is an effective field theory to account for the sLIV effects, namely 
the standard model extension (SME) 0, [To| - In the SME, possible terms concerning the LIV are added into the 
Lagrangian of the standard model (SM) by hand. Recently, the minimal SME was found to be related with Finsler 



geometry [ll|-|13j. In addition, there exist other LIV models relating to Finsler geometry (see review in Rcf. 14]). 
Thus, the anisotropic speed of light may imply an anisotropic Finsler structure of the spacetime. 

The LIV could emerge in the Finsler spacetime naturally. Irrespective of the string motivated sLIV, Bogoslovsky 



et al. [15Hl7| proposed a flat Finsler spacetime, the metric of which is invariant under the eight-parametric inho- 
mogeneous transformation group of the event coordinates. This eight-parametric group is known as the DISIMj ) {2) 
group in the general very special relativity (VSR) [18|, [l9( . It refers to the partially broken spatial isotropy. There is 
also a family of the flat Finsler event spacetime with entirely broken spatial isotropy ■ This refers to the seven- 
parametric inhomogeneous transformation group of the relativistic symmetry. In the two families of the flat Finsler 
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event spacetimes, the LIV occurs while the relativistic symmetry (i.e., the principle of special relativity) preserves. 
This is different with that in the SME, where the LIV is accompanied by the violation of the relativistic symmetry. 
The above discussions are also applied to the LIV model of the electromagnetic field as should be discussed below. It 
can not be excluded that not only the Lorentz symmetry, but also, for example, the DISIMi,(2) symmetry, would be 
broken either partially or entirely at the Planck scale. Thus, it is interesting to investigate this possibility in a generic 
flat Finsler spacetime. 

Finsler geometry (2l| - [23| gets rid of the quadratic restriction on the spacetime line element. The propagation of 
a particle in Finsler spacetime may be governed by a modified dispersion relation (MDRV The Finsler spacetime is 
intrinsically anisotropic since it preserves less Killing vectors than the Riemann one [13, EH- The four dimensional 
Finsler structure admits no more than eight symmetries than the Riemann structure does [l5l - [l7j |. Recently, we 
proposed a LIV model of the electromagnetic field in the locally Minkowski spacetime (2(|. The locally Minkowski 
spacetime [22} is a class of fiat Finsler spacetime. It is a straightforward generalization of the Minkowski spacetime. 
The Lagrangian was presented explicitly for the electromagnetic field in such a spacetime. Formally, it could be 
related to the photon sector of the SME [14], [26| . The LIV effects could be viewed as the influence from an anisotropic 
media on the electromagnetic field. It is noteworthy that this LIV model also does not violate the principle of special 
relativity. 

In this paper, we first review shortly the GRAAL experiment as well as its constraints on the anisotropy of the 
speed of light and on certain LIV parameters. In the locally Minkowski spacetime, the LIV matrices used to fit the 
experimental data are investigated for the photon sector. They could be represented in terms of the metric deviation 
of the locally Minkowski spacetime from the Minkowski one. We demonstrate the relationship and the differences 
between these LIV matrices and those in the SME. In addition, the Finslerian analysis of the GRAAL experiment 
could reveal the deeper relationship between both models. The rest of the paper is arranged as follows. In section 
2, the GRAA1 experiment as well as its constraint on the LIV is reviewed in the phenomenological framework. In 
section 3, we investigate the LIV of the photon sector in the locally Minkowski spacetime. The LIV matrices of the 
photon sector could be obtained and compared with those of the SME. The GRAAL experiment would constrain the 
level of the spacetime anisotropy. Conclusions and remarks are listed in section 4. 



II. THE GRAAL EXPERIMENT AND THE ANISOTROPY OF THE SPEED OF LIGHT 

Phenomenologically, we describe the GRAAL experiment as well as its constraints on the anisotropy of the speed 
of light and the LIV. More details could be found in Ref. @, 0, E3- In the GRAAL experiment, the 6.03 GeV 
electrons collide head-on with a beam of monochromatic laser photons. The 4-momentums of the incoming electrons 
and photons are given by p M = (E(p),pp) and A p = (lo, — Xp), respectively. The MDR of a photon is given by 

w = (l + S(-Xp))X, (1) 

where 5(— Xp) depends on the direction —p when the space is anisotropic. It is related with a modified refractive 
index n(— Xp) = 1 — S(— Xp) at first order. The dispersion relation of electrons remains unchanged E(p) = ^/p 1 + m^. 
This equals to a choice of the frame such that one measures the speed of light relative to the electrons |7| ■ 

The CE energy of electrons could be obtained when the scattered photons follow the direction p. In general, the 
net 4-momentum of a scattering process is assumed to be conserved even though the Lorentz symmetry is broken. 
For the CE scattering process, the 4-momentum conservation implies 

E{p) + u = E(p') + J , (2) 
pp-Xp = p'p + X' CE p , (3) 

where the primes denote the 4-momcntum of the outgoing electrons and photons. At the first order, we could obtain 
the CE energy of photons, 

A'c^A C£ (l + TT |2!_ W )) , (4) 

where 7 = E(p)/m e denotes the Lorentz factor of photons and the CE energy is Xqe = 47 2 A/(1 + 47A/m e ) in the 
SR. Thus, the CE energy X' CE would vary azimuthally due to the sidereal rotation of the Earth when the speed of 
light is anisotropic in the space. 
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In the minimal SME, the Lorentz-breaking Lagrangian of the pure photon sector is given by [10| 

C — —\-n^PW Ja V W ~L rCPT-even . ^CPT—odd /r\ 

'"photon— .»/ I] r P<? ~^ photon ' ^photon ' \° > 

where 

^ton™™ = -\{k F r P °F, v F pa , (6) 

£Zl7 dd = \(k AF ) a e^A,F, v . (7) 

The coefhcient k F has the symmetry of the Riemannian tensor and is doubly traceless. 

The LIV parameters commonly used to fit the experimental data belong to a decomposition of the (k F Y Vf " J 
coefficient: (k e+ y k , (k e ^y k , (k 0+ y k , (k ^y k and ktr- Here we discard the Uaf term since this term vanishes in the 
Finslerian photon sector as should be discussed in the following section. These LIV matrices are given as follows [28| 



(«eH 


_yk = 


(«e- 


yk _ 




_y k = 


(«o- 


yk _ 




Ktr — 



™(fc F ) 0j0fc + ~ e iP<ie krs (k F ) pqrs 
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-(fc F ) 0j0fe - ~e jpg e krs (k F ) pqrs + ^(fc F ) 0/0/ ^' fc , 
^e 3pq (k F ) okpq + ~e kpq (k F ) ojpq , 

-\(k P y*» . (8) 

The first four matrices are traceless 3x3 matrices while the last one is a single coefficient. The third one is anti- 
symmetric while others are symmetric. Their components could be seen from the left two columns in the Table (P). 

The GRAAL experiment has been used to constrain the LIV matrix k Q+ [7]. In the minimal SME, the parameter 
6 in Eq. (fTJ) is given by 

5(-Xp) = t-p, (9) 

where it denotes ((k 0+ ) 23 , (k 0+ ) 31 , (k q +) 12 )- The GRAAL setup is given as p*(t) ~ (0.9 cos (fit), 0.9 sin(fit), 0.4), 
p = 6.03 GeV, A = 3.5 eV, and fi ~ 27r/(23 h 56 min) about the spin axis of the Earth. By substituting ([9]) into j4|, 
we obtain the CE energy of photons as 



X'ce = Acs + 0.9 2 jl Xc * \/((^+) 23 ) 2 + ((*o + ) 31 ) 2 sinfit . ( 1.0) 



Here the time- independent (k 0+ ) 12 term is absorbed into Xqe and an irrelevant phase is disregarded. The above 
equation (TTU|) reveals that the anisotropy of the speed of light is characterized by (k q+ ) 23 and (k +) 31 in the GRAAL 
experiment. 

The GRAAL experiment found no evidence for the sidereal variation of the CE energy. This provides an upper 
bound 

< 2.5 x 10~ 6 (95% C.L.) . (11) 

Xce 

Thus, the LIV parameter acquires an upper limit 



\/((^ + ) 23 ) 2 + ((ko + ) 31 ) 2 < 1.6 x 10- 14 (95% C.L.) . (12) 

In addition, the GRAAL experiment could constrain the LIV matrix of photons in the standard model supplement 
(SMS) [27j] • In the following section, we would show that it could also constrain the LIV matrices in the Finslerian 
photon sector. 
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TABLE I: The decomposition of the coefficient k F for the photon sector as well as its "formal" relation with the Finslerian 
metric deviation h. The first column denotes the components of all LIV observables. These components are defined in the 
second column. Their corresponding representations in the locally Minkowski spacetime are listed in the third column. 

Symbol SME definitions Finslerian model 

(s^F -(M 0102 + (M 2331 o 

(s e+ ) 13 -(fc F ) 0103 + (M 2312 o 

(s e+ ) 23 -(M 0203 + (M 3112 o 

(S e+ ) n - (S.+) 22 -(fc F ) 0101 + (fc F ) 2323 + (fc F ) 0202 -(fc F ) 3131 o 

(s e+ ) 33 -(fc F ) 0303 + (M 1212 ±(h 00 - h 11 - h 22 - h 33 ) 

(s e -) 12 -(k F ) 0102 - (k F ) 2331 + i(k F ) om -h 12 ~k tr 

(Ke-) 13 -(k F ) 0103 - (fc F ) 2S12 + l(k P ) 0101 -h 13 -Ktr 

(k^) 23 -(fc F )° 2o3 -(fc F ) 3ii2 + i(fc F r" -ft 23 -^ 

(He-) 11 - (S e „) 22 -(fc F )° 101 - (fc F ) 2323 + (fc F )° 202 - (fe F ) 3131 ft 22 + h 33 

(Ke_) 33 -(fc F )° 303 - (fc F ) 1212 + |(fc F )° !0i §(/l°° + h 11 + h 22 - h 33 ) - Ktr 

(ko+) 12 (fc F )° 131 - (fc F )° 223 

(k 0+ ) 31 (k F )° 323 - (fc F )° 112 ~h° 2 

(S D+ ) 23 (k F ) 0212 - (fc F )° 331 -h 01 

(ko-) 12 (k F )° 131 + (k F )° 223 -h° 3 

(So-) 13 (fc F )° 112 + (fc F )° 323 

(So-) 23 (M 0212 + (M 0331 

(S _) n - (So-) 22 2(fc F ) 0123 - 2(fc F ) 0231 

(So-) 33 2(fc F ) 0312 



K-tr 



2 (k F ) 0101 §/l 00 + i(ft 00 - h 11 - h 22 - h 33 ) 



III. THE PHOTON SECTOR AND THE SPACETIME ANISOTROPY 

Finsler geometry is a reasonable candidate to investigate the spacetime anisotropy. The Finsler spacetime stems 
from the integral of the form s = f F(x,y)dr where y = dx/dr denotes a 4-momentum of a particle and x a 
location. The integrand Fjx,y) is positively homogeneous of degree one on y. The Finsler metric is defined as 
9^y{x, y) = g|7rg^7 {\F 2 ) [22|- The locally Minkowski spacetime has a Finsler metric of the form g l _ iv (x, y) = g^(y). 
It is a class of flat Finsler spacetime. Its metric depends on the 4-momentum y only. This is different from the 
Minkowski metric rj^ v which is independent of x and y. Thus, the locally Minkowski metric may acquires certain 



corrections from the new physics at high-energy scales. For detailed discussions on Finsler geometry, see Ref. [2lM23l |. 

The Finsler spacetime is intrinsically anisotropic. It could contain more complicated P and T properties than the 
Ricmann spacetime. Its metric deviation from the Riemann metric may be even, odd or hybrid under the CPT 14 1. 
For instance, the deviation of the locally Minkowskian Randers metric is hybrid under the CPT 14]. The Randers 

metric deviation is given by - rf v = b^b v + f (rf v - 2£ ^) + (IPy" + b v y^) where a = ^T]^ v y^y v and /3 = b^. 

Under the CPT, j3 changes its sign while a does not. Thus, the first term in the right-hand side of the Randers metric 
deviation remains unchanged while the last two terms change their signs under the CPT transformation. This example 
reveals that the asymmetry of Finsler spacetime leads to the possible LIV and CPT violation (CPTV). 

In the recent work [j^ . a LIV model of the electromagnetic field was proposed in the locally Minkowski spacetime. 
The LIV effects originate from the replacement of the Minkowski metric with the locally Minkowski metric in the 
Lagrangian of the electromagnetic field. The Lorentz-breaking Lagrangian of the photon sector is given by 

C = —g^sTF^F^ = - l -(g^g v ° - g^g^F^ , (13) 
where F^ v — d fl A v — d u A^ denotes the electromagnetic field strength and g^ v denotes the locally Minkowski metric. 
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In the last step, we had anti-symmetrized the spacetime indices fiv and pa. 

To study the LIV phenomenologies, we represented the above Lagrangian of the photon sector in the framework of 
the effective field theory. First, we expanded the locally Minkowski metric to the first order 

gH» _ + h H» + Q(h 2 ) , (14) 

where h pv dentes the leading-order departure of the locally Minkowski metric from the Minkowski metric. The metric 
deviation h pv characterizes all the possible LIV and CPTV of the photon sector. At the first order of the LIV, the 
Lagrangian (113|) could be rewritten as 

C = —ifv^F^Fpa + Cliv , (15) 



where 



C LIV = - -W p h va -rt ,p h! ur -rf ur h vp + if ,a hP p ) 
8 

x F^F pa . (16) 



The first term in the right-hand side of Eq. (|15|) denotes the Lorentz invariant part of the Lagrangian while the second 
term (namely Eq. (fl6]l ) involves all the possible LIV effects in the photon sector. 

The results (TT5j) and (fTBj) could be compared with those of the SME. We could obtain two "formal" relations 

(k F ) pupa = -{rf p h va -if p h pa -ff a h vp + if a h pp ) , (17) 
(k AF )a = . (18) 

Note that they are formal relations between the LIV parameters of the SME photon sector and those of the Finslerian 
one. One reason is that h pv could have complicated CPT property. The right-hand side of Eq. (fTTj) would have 
corresponding CPT properties. As is mentioned above, for instance, the Randers metric deviation h consists of 
the CPT-even and CPT-odd parts. It is CPT-hybrid and the corresponded ^-components become CPT-hybrid. 
However, the coefficient kp are CPT-even in the SME photon sector. The other reason involves the number of the 
independent components of kp. There are nineteen for the SME photon sector while just ten for the Finslerian one. 
The non- vanishing components of kp are listed in the Table (|rij) for the Finslerian photon sector. 

According to Eq. ((8]) and Eq. (fT?} . the LIV matrices k used to fit the experimental data could be represented in 
terms of the Finslerian metric deviation h. The obtained results are listed in the third column of Table (jl|. In this 
way, the LIV observables are showed to relate with the anisotropy of the locally Minkowski spacetime. Once again, 
we find that only ten LIV parameters remain independent for the Finslerian photon sector. Especially, we find the 
representations (k 0+ ) 23 = — h 01 and (k +) 31 = —ft, 02 which are closely related with the GRAAL experiment as should 
be discussed in the following. 

The 4-momentum of a particle is conserved in the locally Minkowski spacetime. This result could be deduced from 
the isometric transformations 2|| 22l Sj- At the first order, the MDR of a photon was given by [26] 



=lu 2 -X 2 + 2h Ql Lo\ t = , (19) 

where uj 2 = goo A A and A 2 = —gijX 1 X : >. It could be rewritten as 

u~ (1-MA J )A*)A , (20) 

where X 1 denotes a unit 3-vector direction of the photon. Here we have represented h as a function of 3-momentum 
X J of the photon. In the following, we just consider the simplest case that hoi(X J ) is a function of only A, namely the 
magnitude of the 3-momentum A- 7 . The metric deviation ft-oi(A) becomes constant once the GRAAL setup is given. 
According to Eq. (TTJ) and Eq. (|4]), the Eq. (|20[) implies the CE energy of the outgoing photons as 

2i 2 X CE 



X'ce = *ce + 0.9 - ■ ' XT V(froi) 2 + (M 2 sinm , (21) 
1 + 47A/m e 

where one time-independent term is absorbed into Xce and an irrelevant phase is disregarded. This reveals that the 
anisotropy of the speed of light is characterized by the anisotropic parameters hoi and /iQ2 for the GRAAL experiment 
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TABLE II: The formal relation (|17[) between the coefficient k F and the Finsler metric deviation h. The components of k F 
listed are non- vanishing (their symmetrized and anti-symmetrized counterparts are discarded here). We note that only ten of 
them are independent for the Finslerian photon sector. This is different from that there are nineteen independent components 
in the SME photon sector. 



Components 


Finsler LIV parameters 


(k F ) 0101 




(k F ) 0102 


\h 12 


(k F ) 010S 




(M 0112 


\h 02 


(M 0113 


i/i 03 


(fc F ) 0202 


l(h 22 -h 00 ) 


(M 0203 


\h 2i 


(fc F ) 0212 


~\h 01 


(fc F ) 0223 


\h 03 


(fc F ) 0303 


±(h S3 -h 00 ) 


(fc F ) 0313 


2 a 


(fc F ) 0323 


-\h° 2 




-^+h 22 ) 


(M 1213 


-\h 2S 


(fc F ) 1223 


\h Vi 


(A;f) 1313 




(fc F ) 1323 


-W 2 


(fc F ) 2323 


_l(fcM +h S8) 



in the Finslerian electromagnetic model. Recall that the parameters hoi and /102 are related to the LIV parameters 
(k d +) 23 and (k d +) 31 , respectively. Exactly, the CE energy (f2~Tj) would take the same form as in Eq. (fTDj) . This result 
reveals that the simplest Finslerian photon sector may be a geometric representation of the SME one. This coincides 
with the proposition in Ref. 11- 3] that the SME could be related with Finsler geometry. According to Eq. (fTT|) . a 
constraint 



V(/ioi) 2 + (h 02 ) 2 < 1.6 x KT 14 (95% C.L.) 
is set on the anisotropic departure of the locally Minkowski spacetime from the Minkowski one. 



(22) 

It is notewo rthy 

that the "eather drift" experiment has provided an upper constraint 10~ 10 on the spacetime anisotropy 3l|, |32| . 
The GRAAL result improves the sensitivity by four orders of magnitude. However, one should note that both 
constraints are model-dependent. In particular, the upper limit 10~ 10 has been obtained within the framework of the 



relativistically invariant Finslerian theory 15Ml7j| , where the speed of light does not depend on the direction of light 
and equals to c. 



IV. CONCLUSIONS AND REMARKS 



The GRAAL experiment takes advantage of the Compton process of the high-energy electrons scattering the laser 
photons. The CE energy would vary azimuthally due to the sidereal rotation of the Earth when the speed of light is 
anisotropic. The anisotropy of the speed of light could be accounted by the LIV effects. Wc followed the convention 
of decomposing the LIV coefficient kp of the photon sector into nineteen LIV matrices (K e +) j (^e-) j {^o+Y k , 
(Ro-Y and iitr- However, the GRAAL result showed no evidence for the variations of the CE energy. It gave upper 
limits on the anisotropy of the speed of light and certain LIV parameters. 

The locally Minkowski spacetime is a class of flat Finsler spacetime. It is a simplest anisotropic flat spacetime and 
may be viewed as certain modification of the Minkowski spacetime at the ultra high-energy physics. It naturally leads 
to the LIV and the CPTV. We had proposed a model of the electromagnetic field in the locally Minkowski spacetime 
in a previous paper. The LIV coefficient kp of the photon sector could be formally related to the anisotropic departure 
of the Finsler metric from the Minkowski one, while the coefficient Uaf vanishes. We listed the Table |H]) in detail to 
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present the non- vanishing components of kp. There are only ten independent components for the Finslerian photon 
sector. They may have the complicated CPT property. This is very different from that kp is CPT-even in the SME. 

Formally, we obtained all the LIV matrices k in terms of the anisotropic deviation h of the locally Minkowski 
metric from the Minkowski one. We listed these LIV matrices as well as their representation in terms of h in the 
Table In the SME, there are nineteen independent components for this set of LIV matrices. In the Finslerian 
photon sector, however, we found that only ten of them are independent. This prediction reveals that the number of 
the LIV parameters is severely squeezed for the Finslerian photon sector. Actually, there are only ten independent 
components for the anisotropic metric deviation h in the locally Minkowski spacetime. Thus, they should completely 
determine the LIV and CPTV parameters as well as the anisotropy of the speed of light. As the SME, one can have 
LIV models without the CPT violation, or reciprocally have the CPT violation in a Lorentz covariant theory [33M35j j . 

The discussion on the GRAAL experiment could reveal the deep relationship between the Finsler spacetime and 
the SME. In the simplest case, the formula of the CE energy in the Finslerian photon sector was found to be as same 
as the one in the minimal SME. The LIV could be characterized by two common parameters in both models. Thus, 
the Finslerian photon sector might be a geometric representation of the photon sector in the SME. This prediction 
is compatible with the proposition that the SME could be Finsler geometric in Ref. (lll - H^ . In addition, the level of 
the spacetime anisotropy was constrained to be less than 10 -14 by the GRAAL experiment. This constraint improves 
the one from the previous "eather drift" experiment by four orders of magnitude. 

We thank useful discussions with Yunguo Jiang, Danning Li, Ming-Hua Li, Xin Li and Hai-Nan Lin. This work is 
supported by the National Natural Science Fund of China under Grant No. 11075166. 
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